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Abstract—The discovery of the manifolds has long been a
hot topic in computer vision. In many practical problems, highdimensional data poses a great obstacle to the researchers. But
these data points are often sampled from several low-dimensional
sub-manifolds. Therefore, charting the sub-manifolds in one coordinate system will help visualize them simultaneously. However,
algorithms developed so far all have their own limitations in
solving this problem. In this paper, we propose a new supervised
method to capture multiple sub-manifolds.

I. I NTRODUCTION
Dimensionality Reduction is an interesting topic in the computer vision community. One of the main reasons is that realworld problems are often confronted with high-dimensional
data points. In most cases, there exist low-dimensional structures, i.e. sub-manifolds, underlying these high dimensional
data points. It is beneficial to design efficient dimensionality
reduction algorithms to find these intrinsic manifolds. The
main goal of our paper is to design such an algorithm. Unlike
the classification task, whose main goal is to classify unlabeled
data points accurately, we focus on how to arrange the labeled
data in a space, whose dimension does not exceed three, to
help the user visualize these sub-manifolds conveniently.
Most of the dimensionality reduction algorithms can be
categorized into two groups: unsupervised and supervised. As
for the unsupervised group, some of the previous works, such
as Principle Component Analysis (PCA) [1], Locally Linear
Embedding (LLE) [9], Isomap [10], Locality Preserving Projections(LPP) [7] and Laplacian Eigenmaps (LE) [6] have been
developed to discover the intrinsic data structures, regardless
of the labels of these data points. For the supervised ones,
Linear Discriminant Analysis (LDA) [1], and its variants, such
as Kernel LDA [3], null space LDA [4] and uncorrelated LDA
[5], utilize the available discriminant information of the data
points, and have shown a great success.
From another point of view, these dimensionality reduction
algorithms can also be divided into linear and nonlinear
ones. PCA, LPP and LDA, seeking linear maps from highdimensional feature space to a lower one, are among the linear
ones, while Kernel PCA, Kernel LDA, Laplacian Eigenmaps
do not restrict this map to be linear, and therefore are categorized into the nonlinear group.
The authors in [14] present a nonlinear algorithm. However,
they presume that all the data points lie on the same manifold,
The work was supported by the National Science Foundation of China
(60475001, 60605002)

and do not take into account the discriminant information.
Authors in [15] propose Supervised LLE, and can handle the
situation when multiple-manifolds exist. But their main focus
is on classification, rather than charting the sub-manifolds. As
illustrated by the authors, their algorithm tends to lose the
within-class structure, and is not suitable to treat the charting
task. The same problem also exists in Kernel LDA. In [11],
the authors propose a Supervised Isomap to perform this task.
In their paper, the discriminant information is used to redefine
the distances between data points. They aim to reduce the
distances between data points sharing the same labels, as well
as enlarge the distances between data points with different
labels. Their motivation is quite reasonable. However, the
redefinition of the distance function is too empirical.
In most cases, supervised algorithms can utilize more information than unsupervised methods and nonlinear algorithms
have fewer mapping restrictions than the linear ones. Therefore, charting the manifolds through supervised nonlinear
dimensionality reduction is a good choice. In this paper, we
propose a new Supervised Nonlinear Dimensionality Reduction (SNDR) algorithm to discover the sub-manifolds for each
category. SNDR is a nonlinear method, and does not restrict
the mapping be linear. Unlike the unsupervised algorithms,
SNDR utilizes the class labels of the input data points to guide
the dimensionality reduction work.
The rest of the paper is organized as follows: In Section II,
we will formulate the multiple mainfolds charting problem. A
related method will be given in Section III. We will elaborate
our proposed algorithm in Section IV. In Section V, the
experimental results are presented. In the end, conclusions will
be drawn in Section VI.

II. P ROBLEM S TATEMENT
We are given a set of n data points {xi , i = 1, 2, ....n},
which are sampled from k categories, as well as their corresponding labels l(xi ) ∈ {1, 2, ...., k}. In most cases, for each
category, a sub-manifold exists. The goal is to help chart,
in a coordinate system, these sub-manifolds as faithfully as
possible. In the context, we will use the term ’observed set’
to denote the set of these data points and hence the ’observed
data points’ refers to the data points in the ’observed set’. The
feature space after dimensionality reduction will be referred
to as ’reduced feature space’.
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III. L INEAR T RANSFORMATION
Exploring data structures from a global way, such as PCA,
often gives undesirable results. So, some recent algorithms,
such as [13], [12] and [8], have considered solving it from a
local way.
For each data point xi , we first find its K nearest neighbors.
Then these K nearest neighbors are split into two sets: the data
points with the same label as l(xi ) (l(xi ) denotes the label of
xi ), i.e. Nw (xi ) and the data points with labels different from
l(xi ), i.e. Nb (xi ). Specifically,

IV. T HE P ROPOSED A LGORITHM

m
Nw (xi ) = {xm
i |l(xi ) = l(xi ), 1 ≤ m ≤ K}
m
m
Nb (xi ) = {xi |l(xi ) 6= l(xi ), 1 ≤ m ≤ K}

A. The Construction of The Adjacency Matrix

Then, two graphs, the within-class graph Gw and the
between-class graph Gb , are constructed, with each node
representing a data point and the adjacency relationship between two data points representing an edge. The corresponding
adjacency matrices, Ww and Wb , are determined as follows:
½
Ww,mn =

1,
0,

½
Wb,mn =

The objective function Eq. (3) explores the geometry of the
data manifolds, characterizes both the geometrical and discriminant structures by utilizing the within-class and betweenclass graph. Experiments on face recognition give us an
impressive result [8]. However, this algorithm restricts that
the map should be linear and may sacrifice some manifold
information when the dimension of the reduced feature space
is very low. Therefore, this is not suitable for the visualization.
In this paper, we seek for a nonlinear map to visualize the
sub-manifolds underlying the high dimensionality data points.

if xm ∈ Nw (xn ) or xn ∈ Nw (xm )
otherwise

In SNDR, two graphs are constructed, i.e. the within-class
0
0
graph Gw and between-class graph Gb . However, the method
how we construct these two graphs is different. For each data
point xi (1 ≤ i ≤ n), kw nearest neighbors with labels l(xi ),
as well as kb nearest neighbors with labels different from l(xi )
are selected. kw and kb are two parameters that are determined
0
0
beforehand. Then, the adjacency matrices Ww and Wb for
0
0
Gw and Gb can be formulated as follows:
½

1,
0,

0

Ww,mn =

if xm ∈ Nb (xn ) or xn ∈ Nb (xm )
otherwise

Let y = (y1 , y2 , ..., yn )T be a one-dimensional representation for the data points in the observed set. Suppose a is a
projection vector. i.e. yT = aT X, where X = (x1 , x2 , ..., xn ).
Then,
is to seek a projection
P the objective
P vector a to2 minimize
2
(y
−
y
)
W
and
maximize
i
j
w,ij
ij
ij (yi − yj ) Wb,ij , simultaneously. In this way, the local margins between different
categories can be maximized. We find that,
P
1
(yi − yj )2 Ww,ij
2
ij P
(aT xi − aT xj )2 Ww,ij
= 12
(1)
ij

= aT XDw XT a − aT XWw XT a
P
1
(yi − yj )2 Wb,ij
2
ijP
= 12
(aT xi − aT xj )2 Wb,ij
ij

(2)

= aT X(Db − Wb )XT a
= aT XLb XT a
PDw and Db are diagonal
P matrices, with entries Dw,ii =
W
and
D
=
w,ij
b,ii
j
j Wb,ij . The Laplacian matrix for
the between-class graph Gb is Lb = Db − Wb . By restricting
aT XDw XT a = 1, Eq. (1) turns to 1 − aT XWw XT a. Also
taking Eq. (2) into account, maximizing the local margins is
equivalent to solving the following optimization problem:
arg max

a
a XDw XT a=1

aT X(ηLb + (1 − η)Ww )XT a

(3)

T

η is a trade-off parameter (0 ≤ η ≤ 1). This optimization
problem can be solved efficiently by the generalized eigenvalue problem.

½
0

Wb,mn =

1,
0,
1,
0,

0

0

if xm ∈ Nw (xn ) or xn ∈ Nw (xm )
otherwise
0

(4)

0

if xm ∈ Nb (xn ) or xn ∈ Nb (xm )
otherwise

(5)

0

Here, Nw (xi ) denotes the kw nearest neighbors with the
0
same label as l(xi ), while Nb (xi ) refers to the kb nearest
neighbors with labels different from l(xi ). The between-class
0
0
Laplacian matrix for the graph Gb can be defined as Lb =
0
0
0
0
with diagonal
Db − Wb . Db P
and Dw are diagonal
P matrices,
0
0
0
0
entries Db,ii = j Wb,ij , Dw,ii = j Ww,ij . Remind that in
Section III, for xi , Nw (xi ) and Nb (xi ) are partitioned within
its K nearest neighbors. By finding for each xi the kw nearest
0
neighbors with labels l(xi ), Dw,ii will always be nonzero, and
0
Dw can be nonsingular. This modification is reasonable, since
it still reflects the local margin information between different
categories, but from a different perspective. The reason why
0
we require Dw to be nonsingular will be elaborated in the
section IV-B.
B. Charting The Sub-manifolds on The Observed Data Set
Still assume that y = (y1 , y2 , ..., yn )T is a one-dimensional
representation for the observed data points. Our aim is to find
a nonlinear projection that can faithfully preserve the pairwise
relationship in the low
space by minimizing the
P dimensional
0
within-class scatter
(yi − yj )2 Ww,ij and maximizing the
ij
P
0
between-class scatter
(yi − yj )2 Wb,ij , simultaneously. Inij

spired by Eq. (3), the optimization problem can be formulated
as:
0
0
(6)
arg max y(ηLb + (1 − η)Ww )yT
y
0
yDw yT =1

3

Here, we do not restrict y be a linear transformation
y = aT X. Conversely, we directly estimate it from the
optimization problem, which results in a non-linear feature
space. This amounts to solving the generalized eigenvalue
problem:
0

0

0

(ηLb + (1 − η)Ww )yT = λDw yT

(7)

η is the trade-off parameter, 0 ≤ η ≤ 1. Still note that
0
why we require Dw to be nonsingular in Section 4.1. That’s
0
because if Dw is singular, it would deteriorate the solution
of Eq. (7). Let the column vector y1 , y2 , ..., yd denote the
solutions of equation (7), ordered according to eigenvalues
λ1 > ... > λd . the embedding will be given by:
Y = (y1 , y2 , ...yd )T

(8)

C. The Whole Algorithm
For the observed set, the visualization procedure can be
shown in Table I.

longer than the within-class distances and therefore the withinclass structures are concealed. However, the long distance
between several categories doesn’t mean a good separation for
each category pairs, either. In fact, in Fig. 1, digit 2 overlaps
digit 5 a little. But in Fig. 2(e), digit 1 and 3, digit 5 and 6 are
strongly overlapped. This is because, in Supervised Isomap,
the redefinition of the distance between two data points is too
empirical, and may contradict the real distribution.
VI. C ONCLUSIONS
In this paper, by utilizing the local information, we propose
a new algorithm-SNDR to chart the sub-manifolds of different
categories under one coordinate system. Experimental results
on Minist have shown its superior performance over several
state-of-art algorithms. In the future, we will consider how to
use this supervised nonlinear map to help improve the accuracy
of classification tasks and how to depict the low-dimensional
coordinates of the out-of-sample data points.
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Input: data points x1 , x2 , ...., xn , as well as their labels, where n denotes the number of all the observed
data points. The desired dimension of the reduced feature space is d (d ≤ 3); kb , kw , and the trade-off
parameter η.
0
0
1. Construct the within-class matrix Ww and the between-class matrix Wb , using (4) and (5), respectively.
0
0
0
2. Calculate the Laplacian matrix Lb = Db − Wb
3. Solving the optimization problem (6). The optimal embedding is given by Eq. (8)
Ouput: Eq. (8) gives the optimal embedding for the observed set.
TABLE I
T HE PROCEDURE TO FIND THE OPTIMAL EMBEDDING FOR

THE OBSERVED DATA POINTS

Fig. 1. The charting for the manifolds of all the categories. Each color represents a different category, and the sub-manifolds of several digits are magnified.
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Fig. 2.

The comparison charting result of LDA, Kernel LDA, LSDA, Laplacian Eigenmaps and Supervised Isomap

